Abstract. We prove that for any polarized symplectic automorphism of the Fano variety of lines of a cubic fourfold (equipped with the Plücker polarization), the induced action on the Chow group of 0-cycles is identity, as predicted by Bloch-Beilinson conjecture.
Therefore by five-lemma and the finiteness condition (iv), we have CH 0 (X, π # ) = 0, that is, Im(π # * ) = 0. Equivalently speaking, any z ∈ CH 0 (X) Q , π inv (z) = z, i.e. f acts as identity on CH 0 (X) Q . Thanks to Roitman's theorem on the torsion of CH 0 (X), the same still holds true for Z-coefficients.
In [4] , Beauville and Donagi provide an example of a 20-dimensional family of 4-dimensional irreducible holomorphic symplectic projective varieties, namely the Fano varieties of lines contained in smooth cubic fourfolds. In this paper, we propose to study Conjecture 0.3 for finite order symplectic automorphisms of this particular family. Our main result is the following:
Theorem 0.5. Let f be an automorphism of a smooth cubic fourfold X. If the induced action on its Fano variety of lines F(X), denoted byf , preserves the symplectic form, thenf acts on CH 0 (F(X)) as identity. Equivalently, the polarized symplectic automorphisms of F(X) act as identity on CH 0 (F(X)).
We will show in §2 (cf. Corollary 2.3) how to deduce the above main theorem from the following result:
Theorem 0.6 (cf. Theorem 3.3). Let f be an automorphism of a smooth cubic fourfold X acting as identity on H 3,1 (X). Then f acts as the identity on CH 1 (X) Q .
The main strategy of the proof of Theorem 0.6 is the same as in Voisin's paper [24] : using the trick of spread. More precisely, using the universal family of such objects, consider the relevant fiberwise self-correspondence in family: we first control its cohomological support on each fiber by its fiberwise cohomological behavior; then the technique of spreading cycles allows us to find a support-controlled cycle which is fiberwise cohomologically equivalent to the original total self-correspondence; an argument of Leray spectral sequence identifies the cohomological difference between them as the class of a cycle from the ambiant space; if the homological equivalence and rational equivalence coincide in the total space, then we have a decomposition of the relevant self-correspondence, up to rational equivalence, into two relatively better-understood parts, one of them has support controlled, the other comes from the ambiant space; finally we restrict this decomposition to a fiber to deduce what we want. In our case, most of this strategy goes well except only one essential problem, which is the difficulty of this paper: to show the triviality of the Chow groups of the total space. This is the content of §4. Our idea there is to exploit the observation that the motive of a cubic fourfold does not exceed the size of motives of surfaces.
We organize the paper as follows. In §1, we start describing the parameter space of cubic fourfolds with an action satisfying that the induced actions on the Fano varieties of lines are symplectic. In §2, the main theorem is reduced to a statement about the 1-cycles of the cubic fourfold. By varying the cubic fourfold, in §3 we reduce the main theorem 0.5 to the form that we will prove, which concerns only the 1-cycles of a general member in the family. The purpose of §4 is to establish the triviality of Chow groups of some total spaces. The first half §4.1 shows the triviality of Chow groups of its compactification; then the second half §4.2 passes to the open part by comparing to surfaces. §5 proves the main Theorem 0.5 by following the same strategy of Voisin's paper [24] , which makes use of the result of §4. Finally, in §6 we reformulate the hypothesis in the main theorem to the assumption of being 'polarized'.
We will work over the complex numbers throughout this paper.
Acknowledgement: I would like to express my gratitude to my thesis advisor Claire Voisin for bringing to me this interesting subject as well as many helpful suggestions.
Basic settings
In this first section, we establish the basic settings for automorphisms of the Fano variety of a cubic fourfold, and work out the condition corresponding to the symplectic assumption.
Let V be a fixed 6-dimensional C-vector space, and P 5 := P(V) be the corresponding projective space of 1-dimensional subspaces of V. Let X ⊂ P 5 be a smooth cubic fourfold, which is defined by a polynomial T ∈ H 0 (P 5 , O(3)) = Sym 3 V ∨ . Let f be an automorphism of X. Since Pic(X) = Z·O X (1), any automorphism of X is induced: it is the restriction of a linear automorphism of P 5 preserving X, still denoted by f . Remark 1.1. Aut(X) is a finite group, in particular any automorphism of a smooth cubic fourfold is of finite order. In fact, Aut(X) being a closed subgroup of PGL 6 is an algebraic group of finite type. To show the finiteness, it remains to verify that Aut(X) is moreover discrete, or equivalently, H 0 (X, T X ) = 0. To show this vanishing property, it requires some (straightforward) calculations. We omit the proof here, and will give a computation-free argument in Remark 6.3.
Let f be of order n ∈ N + . Since the minimal polynomial of f is semi-simple, we can assume without loss of generality that f : P 5 → P 5 is given by:
where ζ = e 2π √ −1 n is a primitive n-th root of unity and e i ∈ Z/nZ for i = 0, · · · , 5. Now it is clear that X is preserved by f if and only if its defining equation T is contained in an eigenspace of Sym 3 V ∨ , where Sym 3 V ∨ is endowed with the induced action coming from V.
Let us make it more precise: as usual, we use the coordinates x 0 , x 1 , · · · , x 5 of P 5 as a basis of V ∨ , then x α α∈Λ is a basis of Sym
5 , and
Therefore the eigenspace decomposition of Sym 3 V ∨ is the following:
where for each j ∈ Z/nZ, we define the subset of Λ (3)
e 0 α 0 +···+e 5 α 5 = j mod n . and the eigenvalue of α∈Λ j C · x α is ζ j . Therefore, explicitly speaking, we have: Lemma 1.2. Keeping the notation (1), (2) , (3) , the cubic fourfold X is preserved by f if and only if there exists a j ∈ Z/nZ such that the defining polynomial T ∈
Let us deal now with the symplectic condition for the induced action on F(X). First of all, let us recall some basic constructions and facts. The following subvariety of the Grassmannian Gr(P 1 , P 5 )
is called the Fano variety of lines 1 of X. It is well-known that F(X) is a 4-dimensional smooth projective variety equipped with the restriction of the Plücker polarization of the ambient Grassmannian. Consider the incidence variety (i.e. the universal projective line over F(X)):
We have the following natural correspondence:
Theorem 1.3 (Beauville-Donagi [4]). Using the above notation, (i) F(X) is a 4-dimensional irreducible holomorphic symplectic projective variety, i.e. F(X) is simply-
connected and H 2,0 (F(X)) = C · ω with ω a nowhere degenerate holomorphic 2-form.
is an isomorphism of Hodge structures.
In particular, p * q * :
If X is equipped with an action f as before, we denote byf the induced automorphism of F(X). Since the construction of the Fano variety of lines F(X) and the correspondence p * q * are both functorial with respect to X, the condition thatf is symplectic, namelyf * (ω) = ω for ω a generator of H 2,0 (F(X))), is equivalent to the condition that f * acts as identity on H 3,1 (X). Working this out explicitly, we arrive at the following Lemma 1.4. Let f be the linear automorphism in (1) , and X be a cubic fourfold defined by equation T . Then the followings are equivalent:
• f preserves X and the induced actionf on F(X) is symplectic; 1 In the scheme-theoretic language, F(X) is defined to be the zero locus of s T ∈ H 0 Gr(P 1 , P 5 ), Sym 3 S ∨ , where S is the universal tautological subbundle on the Grassmannian, and s T is the section induced by T using the morphism of vector bundles
• There exists a j ∈ Z/nZ satisfying the equation
such that the defining polynomial T ∈ α∈Λ j C · x α , where as in (3)
Proof. Firstly, the condition that f preserves X is given in Lemma 
. f given in (1), we get f * Ω = ζ e 0 +···+e 5 Ω and f * (T ) = ζ j T . Hence the action of f * on H 3,1 (X) is multiplication by ζ e 0 +···+e 5 −2 j , from which we obtain Equation (5).
Reduction to 1-cycles on cubic fourfolds
The objective of this section is to prove Corollary 2.3. It allows us in particular to reduce the main Theorem 0.5, which is about the action on 0-cycles on the Fano variety of lines, to the study of the action on 1-cycles of the cubic fourfold itself (see Theorem 3.3).
To this end, we want to make use of Voisin's equality (see Proposition 2.1(ii)) in the Chow group of 0-cycles of the Fano variety of a cubic fourfold. Let X be a (smooth) cubic fourfold, F := F(X) be its Fano variety of lines and P := P(X) be the universal projective line over F fitting into the diagram below:
For any line L contained in X, we denote the corresponding point in F by l. Define S l := {l ′ ∈ F | L ′ ∩ L ∅} to be the surface contained in F parameterizing lines in X meeting a give line L. As algebraic cycles,
The following relations are discovered by Voisin in [22]: 
The same equivalences hold also for Chow groups with rational coefficients.
Proof. (i) ⇒ (ii): by (6) and the functorialities of p and q.
(ii) ⇒ (iii): by (7) and the functorialities of q and p.
by (8) and the fact that g, c are all invariant byf , we obtain α l −f (l) = 0 in CH 0 (F) with α 0. However by Roitman theorem CH 0 (F) is torsion-free, thus l =f (l) in CH 0 (F). Of course, the same 2 proof gives the same equivalences for Chow groups with rational coefficients.
In particular, we have:
Corollary 2.3. Let f be an automorphism of a cubic fourfold X and F be the Fano variety of lines of X, equipped with the induced actionf . Then the followings are equivalent:
Proof. Since Paranjape [19] proves 3 that CH 1 (X) is generated by the lines contained in X, the previous corollary gives the equivalences (i) ⇔ (iii) and (ii) ⇔ (iv). On the other hand, F is simply-connected and thus its Albanese variety is trivial. Therefore CH 0 (F) is torsion-free by Roitman's theorem, hence (i) ⇔ (ii).
We remark that this corollary allows us to reduced Theorem 0.5 to Theorem 0.6 which is stated purely in terms of the action on the Chow group of the 1-cycles of the cubic fourfold itself.
Reduction to the general member of the family
Our basic approach to the main theorem 0.5 is to vary the cubic fourfold in family and make use of certain good properties of the total space (cf. §4) to get some useful information for a member of the family. To this end, we give in this section a family version of previous constructions, and then by combining Corollary 2.3, we reduce the main theorem 0.5 to Theorem 3.3 which is a statement for 1-cycles of a general member in the family.
Fix n ∈ N + , fix f as in (1) and fix a solution j ∈ Z/nZ of (5). Consider the projective space parameterizing certain possibly singular cubic hypersurfaces in P 5 .
where Λ j is defined in (3). Let us denote the universal family by
whose fibre over the a point b ∈ B is a cubic hypersurface in P 5 denoted by X b . Let B ⊂ B be the Zariski open subset parameterizing the smooth ones. By base change, we have over B the universal family of smooth cubic fourfolds with a (constant) fiberwise action f , and similarly the universal Fano variety of lines F equipped with the corresponding fiberwise actionf :
, on whichf acts symplectically by construction.
By the following general fact, we claim that to prove the main theorem 0.5, it suffices to prove it for a very general member in the family: Proof. For any b 0 ∈ B, we want to show thatf acts as identity on CH 0 (F b 0 ). Given any 0-cycle Z ∈ CH 0 (F b 0 ), we can find a base-change (by taking B ′ to be successive general hyperplane sections of F ): 
Remark 3.2. Thanks to this lemma, instead of defining B as the parameter space of smooth cubic fourfolds, we can and we will feel free to shrink B to any of its Zariski open subsets whenever we want to in the rest of the paper.
To summarize this section, we reduce the main theorem 0.5 into the following statement: 4 Here a property is satisfied for a very general point if it is satisfied for the points in a countable intersection of dense Zariski open subsets.
Theorem 3.3.
Let n = p m be a power of a prime number, f be an automorphism of P 5 given by (1) :
and j ∈ Z/nZ be a solution to (5) : e 0 + e 1 + · · · + e 5 = 2 j mod n.
If for a general point b ∈ B := P α∈Λ j C · x α , X b is smooth, then f acts as identity on CH 1 (X b ) Q , where
Theorem 3.3 ⇒ Theorem 0.5. First of all, in order to prove the main theorem 0.5, we can assume that the order of f is a power of a prime number: suppose the prime factorization of the order of f is
i . Sincef acts symplecticly on F(X), so do the g i 's. Then by assumption,ĝ i acts as identity on CH 0 (F(X)) for any i. Finally, by Chinese remainder theorem,
i acts as identity on CH 0 (F(X)) as well. Secondly, the parameter space B comes from the constraints we deduced in Lemma 1.4. Thirdly, Lemma 3.1 allows us to reduce the statement to the case of a (very) general member in the family. Finally, we can switch from CH 0 (F b ) to CH 1 (X b ) Q by Corollary 2.3.
The Chow group of the total space
As a step toward the proof of Theorem 3.3, we establish in this section the following result. 
where X ′ is the base changed family over B ′ . (10) and the projection formula,
4.1. The Chow group of the compactification. In this subsection, we prove Proposition 4.2.
We first recall the following notion due to Voisin [24, §2.1]:
Definition 4.4. We say a smooth projective variety X satisfies property P, if the cycle class map is an isomorphism
Here we provide some examples and summarize some operations that preserve this property P. Since some toric geometry will be needed in the sequel, let us also recall some standard definitions and properties, see [14] , [11] for details. Given a lattice N and a fan ∆ in N R , the corresponding toric variety is denoted by X(∆). A fan ∆ is said regular if each cone in ∆ is generated by a part of a Z-basis of N. Let 
such that X( ∆) is smooth projective satisfying property P.
Proof. For (i), [11, Theorem 3.1.19] ; for (ii), [11, Theorem 3.3.4] ; for (iii), [11, Theorem 11.1.9] ; for (iv), [11, Theorem 12.5.3] . Finally, (v) is a consequence of the first four: by (iii), we can find a regular refinement of ∆ ∪ f −1 (∆ ′ ), denoted by ∆, then X( ∆) is smooth by (i) and satisfies property P by (iv). Moreover, (ii)
Turning back to our question, we adopt the previous notation as in Theorem 3.3.
We can view B = P α∈Λ j C · x α as an incomplete linear system on P 5 associated to the line bundle O P 5 (3). We remark that by construction in §1, each member of B (which is a possibly singular cubic fourfold) is preserved under the action of f . Consider the rational map associated to this linear system:
where B ∨ is the dual projective space consisting of the hyperplanes of B. We remark that since B ∨ has a basis given by monomials, the above rational map φ is a monomial map between two toric varieties (cf. the definition before Proposition 4.6).
Lemma 4.7. (i)
There exists an elimination of indeterminacies of φ:
such that P 5 is smooth projective satisfying property P.
(ii) The strict transform of X ⊂ P 5 ×B, denoted by X , is the incidence subvariety in P 5 × B:
Proof. (i) By Proposition 4.6(v).
(ii) follows from the fact that for x ∈ P 5 not in the base locus of B, b ∈ φ(x) if and only if (x, b) ∈ X .
Corollary 4.8. X is smooth satisfies property P.
Proof. Thanks to Lemma 4.7(iii), X ⊂ P 5 × B is the incidence subvariety with respect to φ :
Therefore the first projection X → P 5 is a projective bundle (whose fiber over x ∈ P 5 is the hyperplane of B determined by φ(x) ∈ B ∨ ), hence smooth. By Lemma 4.5(iii), X satisfies property P.
We remark that the action of f on P 5 lifts to P 5 because the base locus of B is clearly preserved by f . Correspondingly, the linear system B pulls back to P 5 to a base-point-free linear system, still denoted by B, with each member preserved by f , and the morphism φ constructed above is exactly the morphism associated to this linear system.
To deal with the (possibly singular) variety X × B X , we follow the same recipe as before (see Lemma 4.9, Lemma 4.10 and Proposition 4.2). The morphism φ × φ :
We remark that this rational map ϕ is again monomial, simply because φ : P 5 B ∨ is so.
Lemma 4.9.
There exists an elimination of indeterminacies of ϕ:
such that P 5 × P 5 is smooth projective satisfying property P.
Proof. It is a direct application of Proposition 4.6(v).
Consider the rational map B ∨ × B ∨ Gr(B, 2) defined by 'intersecting two hyperplanes', where Gr(B, 2) is the Grassmannian of codimension 2 sub-projective spaces of B. Blowing up the diagonal will resolve the indeterminacies:
Composing it with ϕ constructed in the previous lemma, we obtain a morphism ψ : P 5 × P 5 → Gr(B, 2).
As in Lemma 4.7, we have Lemma 4.10. Consider the following incidence subvariety of P 5 × P 5 × B with respect to ψ:
(i) The first projection I → P 5 × P 5 is a projective bundle, whose fiber over z ∈ P 5 × P 5 is the codimension 2 sub-projective space determined by ψ(z) ∈ Gr(B, 2).
(ii) I has a birational morphism onto X × B X .
Proof. (i) is obvious.
(ii) Firstly we have a morphism I → P 5 × P 5 ×B. We claim that the image is exactly X × B X : since for two general points x 1 , x 2 in P 5 , ψ(x 1 , x 2 ) = φ(x 1 ) ∩ φ(x 2 ), thus (x 1 , x 2 , b) ∈ I is by definition equivalent to b ∈ φ(x 1 ) ∩ φ(x 2 ), which is equivalent to (x 1 , x 2 , b) ∈ X × B X . Now we can accomplish our first step of this section:
Proof of Proposition 4.2. Since I is a projective bundle (Lemma 4.10(i)) over the variety P 5 × P 5 satisfying property P (Lemma 4.9(ii)), I satisfies also property P (Lemma 4.5(iii)). Then we conclude by Lemma 4.10(ii).
Extension of homologically trivial algebraic cycles. In this subsection we prove Proposition 4.3.
To pass from the compactification X × B X to the space X × B X which concerns us, we would like to mention Voisin's Proof. . As 2i − 2c ≤ 2, γ must be algebraic, and we thus obtain an algebraic cycle on Y. Pushing it forward to Y, we get the cycle Z ′ as wanted. As for the claim on Z o , we simply take Z to be the closure of Z o , construct Z ′ as before, and finally take W to be Z − Z ′ .
Now the crucial observation is that the Chow motive of a cubic fourfold does not exceed the size of
Chow motives of surfaces, so that we can reduce the problem to a known case of Conjecture N, namely Lemma 4.13. To illustrate, we first investigate the situation of one cubic fourfold (absolute case), then make the construction into the family version.
Absolute case:
Let X be a (smooth) cubic fourfold. Recall the following diagram as in the proof of the unirationality of cubic fourfold:
Here we fix a line L contained in X, and the vertical arrow is the natural P 3 -fibration, and the rational map q is defined in the following classical way: for any (x, v) ∈ P(TX|L) where v is a tangent vector of X at x ∈ L, then as long as the line P(C · v) generated by the tangent vector v is not contained in X, the intersection of this line P(C · v) with X should be three (not necessarily distinct) points with two of them x. Let y be the remaining intersection point. We define q : (x, v) → y. By construction, the indeterminacy locus of q is {(x, v) ∈ P(TX|L) | P(C · v) ⊂ X}. Note that q is dominant of degree 2. By Hironaka's theorem, we have an elimination of indeterminacies:
where τ is the composition of a series of successive blow ups along smooth centers of dimension ≤ 2, and q is surjective thus generically finite (of degree 2).
We follow the notation of [2] to denote the category of Chow motives with rational coefficients by CHM Q , and to write h for the Chow motive of a smooth projective variety, which is a contravariant functor
. By the blow up formula and the projective bundle formula for Chow motives (cf. [2, 4.3.2] ),
and since L ≃ P 1 ,
where 1 := h(pt) is the trivial motive, S i are blow up centers of τ, c i = codim S i ∈ {2, 3, 4}. On the other hand, since q * q * = deg( q) = 2 · id, h(X) is a direct factor of h P (T X | L ) , which has been decomposed in (11) .
This gives a precise explanation of what we mean by saying that h(X) does not exceed the size of motives of surfaces above.
By the monoidal structure of CHM Q (cf. [2, 4.1.4]), the motive of M × M has the following form:
where J is the index set parameterizing all possible products, and V k × V ′ k is of one of the following forms: • pt × pt and l k = 0 or 1; (12) , the inclusion of this direct factor (13)
Similarly, for each k ∈ J, the projection to the k-th direct factor (14) p
Equivalently, the last equation says
Construction in family:
We now turn to the family version of the above constructions. To this end, we need to choose a specific line for each cubic fourfold in the family, and also a specific point on the chosen line. Therefore a base change (i.e. T → B constructed below) will be necessary to construct the family version of the previous p k and ι k 's (see Lemma 4.14) .
Precisely, consider the universal family X of cubic fourfolds over B, and the universal family of Fano varieties of lines F as well as the universal incidence varieties P:
By taking general hyperplane sections of P, we get T a subvariety of it, such that the induced morphism T → B is generically finite. In fact, by shrinking 5 B (and also T correspondingly), we can assume T → B is finite andétale, and hence T is smooth.
By base change construction, we have over T a universal family of cubic fourfolds Y , a universal family of lines L contained in Y and a section σ : T → L corresponding to the universal family of the chosen points in L . We summarize the situation in the following diagram:
where for any t ∈ T with image b in B, the fiber Y t = X b , L t is a line contained in it and σ(t) ∈ L t . As T → B is finite andétale, so is r : Y → X . Now we define
and a dominant rational map of degree 2
Over t ∈ T , the fiber of M is M t = P T Y t | L t , and the restriction of q to this fiber is exactly the rational map P T Y t | L t Y t constructed before in the absolute case.
By Hironaka's theorem, we have an elimination of indeterminacies of q:
such that, up to shrinking B (and also T correspondingly), τ consists of blow ups along smooth centers which are smooth over T (by generic smoothness theorem) of relative dimension (over T ) at most 2. Suppose the blow up centers are S i , whose codimension is denoted by c i ∈ {2, 3, 4}. A fiber of M , M , S i is exactly M, M, S i respectively constructed in the absolute case. In the same fashion, we denote by V k and V ′ k the family version of the varieties V k and V ′ k in the absolute case, which is nothing else but of the form
We can now globalize the correspondences (13) and (14) into their following family versions. Here we use the same notation: Lemma 4.14.
(i) For any k ∈ J, there exist natural correspondences (over T )
such that the following two identities hold on each fiber: for any t ∈ T , we have
for any k ∈ J;
(ii) Up to shrinking B and T correspondingly, we have in
Proof. (i). For the existence, it suffices to remark that the correspondences ι k and p k can in fact be universally defined over T , because when we make the canonical isomorphisms (11) or (12) precise by using the projective bundle formula and blow up formula, they are just compositions of inclusions, pull-backs, intersections with the relative O(1) of projective bundles, each of which can be defined in family over T . Note that in this step of the construction, we used the section σ to made the isomorphism h(L t ) ≃ 1 ⊕ 1(−1) well-defined in family over T , because this isomorphism amounts to choose a point on the line. Finally, the equality (18) is exactly the equality (15) in the absolute case.
(ii). The equation (19) is a direct consequence of (18), thanks to the Bloch-Srinivas type argument of spreading rational equivalences (cf. [8] , [21, Corollary 10.20] ).
Keeping the notation in Diagram (16) and Diagram (17), we consider the generic finite morphism
and the finiteétale morphism
For each k ∈ J, composing the graphs of these two morphisms with ι k , we get a correspondence over B from
similarly, composing p k with the transposes of their graphs, we obtain a correspondence over B in the other direction:
Lemma 4.15. The sum of compositions of the above two correspondences satisfies:
as correspondences from X × B X to itself.
Proof. It is an immediate consequence of the equation (19) and the projection formula (note that deg(r ×r) = deg(T/B) and deg( q × q) = 4).
For any k ∈ J, fix a smooth projective compactification
Taking the closure of the two correspondences Γ k and Γ ′ k , we obtain correspondences between the compactifications:
For some technical reasons in the proof below, we have to separate the index set J into two parts and deal with them differently. Recall that below the equation (12), we observed that there are three types of
Define the subset consisting of elements of the third type:
And define J ′′ to be the complement of J ′ : elements of the first two types. Note that for any k ∈ J ′′ , the corresponding (
We can now accomplish the main goal of this subsection:
Proof of Proposition 4.3. Let z ∈ CH 4 (X × B X ) Q,hom . To simplify the notation, we will omit the lower star for the correspondences Γ k , Γ ′ k , Γ k and Γ ′ k since we never use their transposes.
An obvious remark: when k ∈ J ′′ , for any b ∈ B, the fiber
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where the first equality comes from (23) and the second equality is by Lemma 4.15.
On the other hand,
is homologically trivial. We claim that for any k ∈ J ′ , the cycle Γ ′ k (z) 'extends' to a homologically trivial algebraic cycle in the compactification, i.e. there exists
k is smooth by construction, we can apply Lemma 4.13 to find ξ k . Now for any k ∈ J ′ , let us consider the cycle
Therefore by (24), the restrictions of the two cycles 
where X ′ is the base changed family over B ′ . Defining
to conclude Proposition 4.3, it suffices to remark that z is by construction homologically trivial: since the ξ k 's are homologically trivial, so is β = k∈J ′ Γ k (ξ k ) and hence z.
Proof of Theorem 3.3
The content of this section is the proof of Theorem 3.3.
We keep the notation n, f , j, Λ j , B as in the statement of Theorem 3.3. Let B be an open subset of B parameterizing smooth cubic fourfolds. In the following diagram,
π is the universal family equipped with a fiberwise action f ; for each b ∈ B, we write f b the restriction of f on the cubic fourfold X b if we need to distinguish it from f . By construction, for any b ∈ B, f b is an automorphism of X b of order n which acts as identity on H 3,1 (X b ).
To begin with, we study the Hodge structures of the fibers:
(i) f * is an order n automorphism of the Hodge structure H 4 (X b , Q) and f
where L • is the resulting Leray filtration on H * (X × B X , Q). The property (31) is thus equivalent to Consider the Leray spectral sequences associated to the following three smooth projective morphisms to the base B:
x xB and the restriction maps for cohomology induced by the two inclusions. We have the following lemma, where all the cohomology groups are of rational coefficients. (i) The Künneth isomorphisms induce canonical isomorphisms
(ii) The natural restriction map
is surjective.
Proof. By snake lemma (or five lemma) and induction, it suffices to prove the corresponding results for the graded pieces. (i) We only prove the first isomorphism, the second one is similar. For any p ≥ 1, the isomorphism
by Deligne' theorem is equivalent to
However, R 8−p (π • pr 1 ) * Q is a vector bundle with fiber H 8−p (X b × P 5 , Q), which is by Künneth formula
, which is exactly the fiber of the vector bundle ⊕ i+ j=8 R i−p π * Q ⊗ Q H j (P 5 ). Thus (i) is a consequence of the relative Künneth formula.
(ii) Using (i), for any p ≥ 1, the surjectivity of Gr 
By relative Künneth isomorphism,
Therefore the above displayed morphism is induced by the projection of a vector bundle to its direct summand, which is of course surjective on cohomology.
Combining Lemma 5.5 and Lemma 5.6, we can decompose the cohomology class [Z ] as follows:
where pr i : X × B X → X is the i-th projection, A i ∈ H 2i (X , Q), B j ∈ H 2 j (X , Q) and h ∈ CH 1 (X ) is the pull back by the natural morphism X → P 5 of the hyperplane divisor c 1 (O P 5 (1)). We remark that A i and B j must be algebraic, that is, they are the cohomology classes of algebraic cycles of X . The reason is very simple: [Z ] being algebraic, so is
thus A i is algebraic. The algebraicity of B j is similar. We denote still by A i ∈ CH i (X ) Q and B j ∈ CH j (X ) Q for the algebraic cycles with the respective cohomology classes. Therefore (33) becomes
In other words, there exist algebraic cycles
This is an equality up to homological equivalence. Now enters the result of §4: thanks to Proposition 4.1, up to shrinking B to a smaller open subset (still denoted by B), the cohomological decomposition (34) in fact implies the following equality up to rational equivalence in Chow groups:
Combining this with (27), (29) (γ) = 0, since they both factorizes through CH * (P 5 ) Q,hom = 0.
As a result, we have in CH 1 (X b ) Q ,
where the right hand side is obviously invariant by f * , hence so is the left hand side. In other words, f * acts on CH 1 (X b ) Q,hom as identity. Finally, since H 6 (X b , Q) is 1-dimensional with f * acting trivially, we have for any γ ∈ CH 1 (X b ) Q , π inv, * (γ) − γ ∈ CH 1 (X b ) Q,hom , where π inv, * = 1 n id + f * + · · · + ( f * ) n−1 . Therefore by what we just obtained,
As π inv, * (γ) is obviously f * -invariant, we have f * (γ) = γ in CH 1 (X b ) Q . Theorem 3.3, as well as the main Theorem 0.5, is proved.
A final remark
In the main Theorem 0.5, we assumed that the automorphism of the Fano variety of lines is induced from an automorphism of the cubic fourfold itself. In this final section we want to reformulate this hypothesis. If ψ is induced from an automorphism f of X, which must be an automorphism of P 5 , then it is clear that ψ is the restriction of a linear automorphism of P 14 , thus the Plücker polarization is preserved.
Conversely, if the automorphism ψ preserves the polarization, it is then the restriction of a projective automorphism of P 14 , which we denote still by ψ. It is proved in [1, 1.16(iii) ] that G is the intersection of all the quadrics containing F. It follows that ψ is an automorphism of G, because ψ sends any quadric containing F to a quadric containing F. However any automorphism of G is induced by a projective automorphism f of P 5 (cf. [10] ). As a result, f sends a line contained in X to a line contained in X, thus f preserves X and ψ is induced from f .
Define Aut
pol (F(X)) to be the group of polarized automorphisms of F(X) (equipped with Plücker polarization L ). Then the previous proposition says that the image of the injective homomorphism Aut(X) → Aut(F(X)) is exactly Aut pol (F(X)), that is:
